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ABSTRACT

Efficiently solving linear programs (LPs) is fundamental to
high-performance computing, yet traditional simplex solvers
remain predominantly CPU bound. We investigate whether
the revised simplex method can be effectively accelerated
by the parallel throughput of modern GPUs.

Our implementation utilizes custom CUDA kernels and
the Sherman-Morrison formula for rank-one basis updates,
validated against the Netlib benchmark suite. We success-
fully overcame the “overhead wall* typical for iterative GPU
algorithms by leveraging CUDA Graphs, which eliminated
kernel launch latency and allowed for full GPU saturation.
However, we find that for the small-to-medium sparse in-
stances in the Netlib suite, the inherent sequential nature of
the simplex method limits performance compared to CPU
solvers with large caches.

By identifying these specific bottlenecks and providing
a validated conversion pipeline for sparse MPS formats, we
characterize the fundamental trade-offs between sequential
pivot logic and GPU parallelism. Our findings suggest that
future performance gains on GPUs will not come from fur-
ther kernel optimization, but from adopting computation-
ally intensive pivot strategies such as steepest-edge pricing
on massive-scale problems to trade raw compute throughput
for a reduction in total iterations.

1. INTRODUCTION

The simplex method is one of the most widely used algo-
rithms for solving linear programs and remains highly ef-
fective on large, sparse, real-world instances [} 2]. Despite
the existence of polynomial-time alternatives, simplex con-
tinues to dominate practical LP solving due to its robust-
ness, warm-start capabilities and strong empirical perfor-
mance [3}4,15]. As a result, it plays a central role in many
real-world optimization problems, including logistics and
supply-chain planning, energy generation and transmission
scheduling, financial portfolio optimization, traffic assign-
ment and network-flow optimization [6} 5 [7, [2]]
Motivation State-of-the-art simplex solvers such as
HiGHS, Clp, Gurobi, and CPLEX achieve impressive per-
formance through decades of CPU-centric optimization.

However, these solvers rely almost entirely on CPU architec-
tures [8]]. In contrast, modern GPUs offer substantially higher
parallel throughput and memory bandwidth [9]], motivating
the question of whether the revised simplex method [10] can
be adapted to exploit GPU hardware effectively. If success-
ful, such an adaptation could enable faster solution times for
large-scale optimization problems arising in practice [11}
12]. Adapting simplex to GPUs is fundamentally challeng-
ing 13| [14]]. The algorithm relies on sequential pivot de-
cisions, fine-grained updates, and irregular memory access
patterns [13], all of which conflict with the massively par-
allel execution model of GPUs [14]. Determining which
components of the revised simplex method can benefit from
GPU acceleration, and which represent inherent scalability
limits, is therefore essential.

Related Work Prior research on GPU-accelerated opti-
mization has largely focused on interior-point methods [[15}
16, [17]], whose dense linear algebra operations map natu-
rally to GPU architectures. Conversely, simplex-based meth-
ods are more difficult to parallelize [[13]. Existing GPU sim-
plex approaches typically accelerate isolated subroutines [9]
rather than providing complete solvers, and their effective-
ness on sparse, real-world instances remains limited [14}
13].

To address these limitations, we present a GPU-accelera-
ted revised simplex solver where the entire iteration loop
resides on the device. We implement the algorithm using
custom CUDA kernels alongside cuBLAS and cuSolver
[[L8]], employing Sherman-Morrison updates for the basis in-
verse. To enable robust benchmarking, we construct a vali-
dation pipeline to convert Netlib MPS files into Compressed
Sparse Column format [[19, 20]. Our results demonstrate
that while we successfully eliminate the architectural over-
head of kernel launching using CUDA Graphs [18], the al-
gorithmic requirement for sequential pivots remains the fun-
damental bottleneck for small-to-medium sparse instances.

2. BACKGROUND

In this section, we summarize the theoretical and computa-
tional concepts relevant to our GPU-based simplex solver.
We begin with the standard LP formulation, then describe



the revised simplex algorithm and its computational require-
ments, followed by challenges in sparse linear algebra and
benchmarking.

2.1. Linear Programming

A linear program in standard form is written as

min ¢’z st

reRn” Aw = b’

x>0,

where A € R™*™ is typically sparse for large-scale prob-
lems. Efficient LP solving requires exploiting sparsity while
maintaining numerical stability in the presence of degener-
acy and ill-conditioning.

2.2. The Revised Simplex Algorithm

The revised simplex method iterates over bases defined by
subsets of the columns of A. In each iteration, reduced costs
are computed to select an entering variable, then a ratio test
is performed to identify the leaving variable, subsequently
a linear system of the form Bd = aeper, Where B is the cur-
rent basis matrix, is solved, and finally the basis is updated
and the process is repeated.

Rather than maintaining a full tableau, the revised sim-
plex method stores and updates the basis implicitly. This
significantly reduces memory requirements but shifts com-
putational cost toward repeated linear solves and factoriza-
tion updates.

2.3. Sparse Input

Real LP program specifications are typically communicated
in a sparse format. We implement our own storage format,
that is simpler than the more general formats. In this format
the vectors c, b are stored in a dense format, while the matrix
A is stored in a CSC format [21]]. For the constraints of the
variables themselves we assume 0 < x.

2.4. Computational Challenges

The performance of the revised simplex method depends
heavily on efficient solves with the basis matrix and on main-
taining sparse structures across iterations [22, 23]]. While
sparse LU factorization is the classical approach for main-
taining basis factorizations [23], it often introduces fill-in
[20] and irregular memory-access patterns [24] that are poor-
ly suited to GPU architectures, motivating the exploration of
alternative solver strategies such as iterative methods [22] or
the use of specialized GPU sparse libraries [25]].

2.5. Benchmarking with Netlib

The Netlib LP test set [26] provides sparse, real-world LP
instances with diverse structures and numerical difficulties.

Since Netlib uses the MPS file format, we developed a for-
mat conversion workflow to translate MPS files into our in-
ternal format[2.3] A validation pipeline which uses HIGHS
[27] ensures that converted instances preserve the solution
of the original problem.

3. PROPOSED METHOD

This section describes the methodology used to build and
analyze a GPU-based revised simplex solver. Our approach
proceeds through several stages: developing a dense refer-
ence implementation, porting the algorithm to the GPU, ex-
ploring sparse computational strategies, constructing a
benchmarking pipeline, and profiling performance.

3.1. Data Preparation and Presolving

Real-world linear programming problems, such as those in
the Netlib test set, often contain redundant constraints and
fixed variables that can be eliminated before solving [28]].
Since this work focuses on accelerating the revised sim-
plex method rather than on presolving heuristics, we apply
a standard presolve step to isolate the core numerical diffi-
culty.

We use the HiGHS presolver [27] to reduce the origi-
nal problems. The resulting presolved instances were con-
verted to our internal compressed sparse column represen-
tation (described in Section [2.3) and used as input to the
GPU solver. This ensures that performance measurements
reflect the speed of the GPU-accelerated simplex method
rather than the handling of trivial redundancies.
Validation. For each problem, we verify correctness by
comparing the optimal objective value of the original prob-
lem (solved with HiIGHS) to that obtained from our solver
on the presolved instances. Results are accepted if the val-
ues agree within a tolerance of 1076,

3.2. Implementation Variants

To isolate the impact of architectural optimizations, we de-
veloped the solver in four iterative stages:

CPU Reference (Validation). We first implement a dense
revised simplex solver on the CPU following standard lec-
ture materials [29]. This serves purely as a baseline to verify
numerical correctness and debug pivot rules before intro-
ducing GPU complexity.

GPU-naive: Naive Port. This version translates the CPU
reference directly to the GPU.

* Dense Factorization: It performs a full LU factorization
(O(m?)) using cuSolver [18] at every iteration.

* Host-Device Ping-Pong: While matrix-vector products
and LSE solves run on the device, reduced costs and di-



rection vectors are copied back to the host for the ratio
test, resulting in high PCle latency.

GPU-RS: Data Residency & Rank-One Updates. Ver-
sion 1 targets memory bandwidth and algorithmic complex-

ity.

* Full Residency: All primary data structures (4, ¢, b, ba-
sis indices) remain in GPU memory. Pivot selection is
ported to custom kernels to eliminate per-iteration PCle
transfers.

* Sherman-Morrison: We replace the expensive LU fac-
torization with an explicit basis inverse maintained via
Sherman-Morrison rank-one updates [30] (O(m?)).

Full recomputation of the inverse is only triggered peri-
odically to correct numerical drift.

GPU-RS+G: Latency Hiding & Kernel optimization.
Version 2 targets the “overhead wall“ and memory bottle-
necks identified in GPU-RS.

* CUDA Graphs: We capture the iteration sequence into a
CUDA Graph [18]], launching batches of iterations asyn-
chronously. This eliminates driver overhead and signifi-
cantly reduces GPU idle time between iterations.

* Incremental Updates: We replace the explicit primal
solve (recalculating x = B~'b at every step) with an in-
cremental update (¢, = * — 6d). This vector operation
is fused with the basis index updates into a single kernel,
reducing global memory traffic and launch overhead.

* Explicit Transpose for Pricing: We pre-compute and
store the transpose of the constraint matrix A”. This al-
lows the reduced cost calculation (s = ¢ — AT y) to utilize
coalesced global memory reads (via CUBLAS_OP_N) in-
stead of the inefficient strided access required by on-the-
fly transposition.

* Parallelized Ratio Test: The GPU-RS implementation
relied on a single thread block to synchronize the search
for the minimum o, limiting execution to a single SM and
severely underutilizing the device. GPU-RS+G replaces
this with a multi-stage parallel reduction that distributes
the ratio test across the GPU grid and fuses ratio check
and pivot selection into a single memory pass.

* Optimized Basis Update: The Sherman-Morrison up-
date was decoupled into a ’snapshot” normalization phase
and a matrix update phase. This eliminates cache thrash-
ing by separating the pivot row reads from the global ma-
trix writes.

3.3. Robustness

Numerical robustness is a central challenge in practical sim-
plex implementations, especially on GPUs where floating-
point behavior, reduced precision, and massive parallelism
can amplify instability. Degeneracy, stalling, and near-sin-
gular bases are common in real-world LPs and must be han-
dled carefully to ensure convergence.

We mitigate these challenges by applying perturbations
and conservative feasibility as well as optimality tolerances,
while implementing a Harris-type ratio test [31] and peri-
odically recomputing the basis inverse, following standard
practice in revised simplex solvers [22].

3.4. Sherman-Morrison Basis Updates

Instead of relying on LU factorization and sequential tri-
angular solves to compute d and y [29], we maintain an ex-
plicit basis inverse to exploit the GPUs dense GEMYV through-
put. Because pivots constitute rank-one modifications, we
avoid the O(m?) cost of recomputing the inverse at ev-
ery step by applying Sherman-Morrison updates O(m?).
Given a pivot column a and the computed primal direction
d = B~!a, the update operation for every element (4, j) is:

where r is the index of the leaving row. While analytically

efficient, a naive parallel implementation exposes a critical

Read-After-Write (RAW) hazard.

In a monolithic kernel, threads updating the matrix must
concurrently read the pivot row (B~'),.;. However, threads
assigned to row r are simultaneously writing to these ad-
dresses. This contention invalidates cache lines, forcing
serialized fetches from global memory (’cache thrashing”)
and stalling the GPU.

To resolve this, we implemented a decoupled update
pipeline (described in Section [3.2):

1. Snapshot: A lightweight kernel extracts and normalizes
the pivot row into a static, read-only scratch pad.

2. Update: The main kernel streams over the matrix, read-
ing the pivot scalars from the scratch pad. This ensures
memory coalescing and allows the values to persist in
the cache.

Profiling confirms the efficiency of this approach: the
optimized kernel achieves a Memory Throughput of 90.5%,
indicating that we successfully saturate the VRAM band-
width and are no longer latency-bound.

3.5. Sparse Wrapper

Our solver approaches the problem in 2 phases. In the first
phase we solve problem P’ which returns a feasible basis B



that is then used to solve another problem P”. P” is equiva-
lent to the original problem P and therefore gives a solution
for P. The sparse wrapper improves the first phase and the
general run time.

Phase 1. In Phase 1, slack variables are introduced to con-
struct a full-rank initial basis, as the algorithm cannot pro-
ceed with a singular basis matrix. The objective is to elim-
inate these slack variables and obtain a feasible basis com-
posed solely of original variables. While this was a costly
check in the context of a dense matrix, it has become very
simple to check with a sparse representation.

General. The Netlib LP problems are known to be sparse
(nnz(A) < rows - columns). Using a non-sparse data for-
mat results in significant performance loss due to moving
and copying zero entries. By using a sparse format, namely
our internal compressed sparse column representation (de-
scribed in Section [2.3), we reduce the copy overhead by
only keeping non-zero entries.

3.6. Parallelized Harris Ratio Test

We implement the Harris ratio test [31], which requires a
two-pass search: first identifying the minimum step length
Omin, and second selecting the largest pivot element among
candidates within a tolerance of 60,,,;,,.
A naive GPU implementation (used in GPU-RS) relied
on a single thread block to synchronize the search for 6,,,;,,
leaving the device underutilized. In GPU-RS+G, we imple-
ment a two-stage parallel reduction:
1. Block-Level Reduction: Each thread block computes a
local candidate pair (6, pivot) using
cub: :BlockReduce [18] which allows the solver to
scan the ratio vector d in parallel, utilizing significantly
more of the GPUs available resources.

2. Global Consensus: A lightweight second kernel aggre-
gates block results to determine the global winner.

This approach distributes the search logic across the entire

GPU grid, allowing the ratio test to achieve significantly

higher parallel throughput, while maintaining the numerical

robustness required for the Netlib test set.

3.7. Latency Hiding with CUDA Graphs

The sequential nature of the revised simplex method cre-
ates a significant bottleneck: while our custom kernels exe-
cute in microseconds, the CPU-side overhead for launching
them dominates the runtime. This “overhead wall“ leaves
the GPU idle between steps. To overcome this, we utilized
CUDA Graphs [18] to capture a single iteration’s kernel
sequence (Pricing, Harris Ratio Test, Basis Update) into a
static execution node.

Instead of synchronizing after every step, we issue k =
100 asynchronous launches of this graph to the stream in a

single batch. This decouples the CPU from the GPU, al-
lowing the driver to queue work faster than the GPU pro-
cesses it, effectively transforming the solver from latency-
bound to throughput-bound. Figure [I] demonstrates a 2.3x
speedup for 100 iterations (median 9.04 ms to 3.94 ms) on
the woodw instance, a representative medium-scale prob-
lem where removing driver overhead significantly impacts
total runtime.

Speculative Execution & Convergence. Since we do not
synchronize with the host during a batch, we cannot check
for convergence after each iteration. To handle this, we im-
plement a device-side optimality_flag. If a kernel de-
tects optimality (or unboundedness), it sets this flag, causing
all subsequent kernels in the remaining graph launches to
return immediately (becoming no-ops). While standard li-
braries like cuBLAS which we use to compute the dual and
the primal step, lack this predication and continue to execute
“wasted” work until the batch ends, this speculative over-
head is significantly cheaper than paying the latency cost of
a CPU-GPU synchronization at every step.

Batch Tuning.  The batch size k represents a tunable
trade-off. A larger k£ amortizes overhead more effectively
but increases the latency of detecting convergence and the
amount of potential speculative waste. We empirically se-
lected k = 100 as a robust balance for the Netlib suite.

Companson of meduan executlon tlme per 100 iterations on GPU-RS+G
(Netlib LP b k: d CUDA streams vs. CUDA Graphs)

9.04 ms ¥ A
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EZZ GPU-RS+G (Standard Stream)
GPU-RS+G (with CUDA Graphs)

4 6 8 10 12
median execution time per 100 iterations (ms)

Fig. 1. Performance comparison on the Netlib WOODW
problem (batch size 100). Eliminating driver overhead
yields a 2.3x speedup (9.04 ms to 3.94 ms). Whiskers de-
note min/max runtimes.

3.8. Exploration of Sparse Linear Solvers

While the problems we operate on only contain a small
number of nnz elements, our algorithm does not reflect this.
Most dramatically the operations with Basis B~! contain
m? elements to operate on. For this reason, we explored
options to solve those linear problems Bx = b with differ-
ent methods that do not require that much data.

For this, we went through a few versions of iterative
solvers that tried to minimize the function:

f(@) =Bz —bll3

The initial simple Gradient Descent suffered from diver-
gence, which was solved by the second iteration, where we



chose the step to be optimal. This improved stability but
made the convergence oscillate a lot more. To solve this,
we then looked into acceleration and optimal acceleration
[32], but this still kept iteration numbers high. Our last ap-
proach was to work with Normalizer matrices, but the naive
preconditioners were ineffective and the complex solutions
were too big for this project.
Instead,we looked at the cuDS S [33]] library from Nvidia.

It struggled with multiple features that were advertised by
the API but not implemented, such as CSR with start and
end vectors and the ability to set the tolerance. With those
issues still unresolved, we decided to abandon this explo-
ration and invest our resources in other directions.

3.9. Multi Pivot

The Simplex algorithm itself is very serial, which is why we
considered changing this to better utilize the GPUs capabil-
ities.

Instead of doing a single pivot at a time, we explored
doing many pivots, which means that we could launch ker-
nels in parallel. Since single-pivot operations leave the GPU
underutilized, this increased computational effort could pay
off by reducing the total number of sequential iterations.

There were two problems that we face with this, imple-
mentation that together made the further exploration unin-
teresting. For medium and large size (size of LP problems
as in[4.T)) LP problems the true cost comes from the matrix
multiplications. They take most of the time and actually use
most of the GPU resources. This means that doing many
pivots in parallel just increased execution time by a factor
of ¢, the number of threads. For Small LP problems, the
overhead of synchronization between the threads is higher
than the time it took to do the iterations in sequence. This
negates any potential performance gains.

4. EXPERIMENTAL RESULTS

This section evaluates the robustness, correctness, and per-
formance of our GPU-accelerated revised simplex solvers.
We first validate numerical correctness and robustness

against a state-of-the-art CPU baseline (HiGHS) on the Net-
lib LP benchmark suite, including an analysis of degenerate
instances. We then analyze the runtime performance of the

different GPU variants (see relative to the
HiGHS baseline.

4.1. Experimental Setup

We evaluate our GPU-accelerated revised simplex solver
variants against the HiGHS simplex solver (v1.12.0, sin-
gle CPU thread), which serves as a CPU baseline. All ex-
periments were conducted on the D-INFK student cluster
at ETH Zurich, equipped with an NVIDIA GeForce RTX

5060 Ti GPU, an Intel Xeon E5-2680 v4 CPU, and 24 GB
of system memory. CUDA code was compiled using nvcc
12 .0 with optimization flags -03 and —~use_fast_math,
while CPU code was compiled with gcc 13.3.0 using
-03 —march=native.

We evaluate our solver variants on the Netlib LP bench-
mark collection [26]]. Evaluation proceeds in three stages:
robustness, correctness, and performance benchmarking.
For correctness and robustness evaluation, we execute 20
runs per problem instance and solver variant. Each run is
subject to a time limit of 240s. A solver is deemed to ex-
ecute successfully on a LP instance if repeatedly over 20
runs terminates within the time limit without crashing and
correct if the final objective value differs by at most 1076
from the HiGHS reference solution on all runs.

For performance benchmarking, we perform five warm-
up runs followed by ten timed runs per problem instance.
Reported run times correspond to the median wall-clock ex-
ecution time, measured on the host. This end-to-end mea-
surement includes GPU kernel execution, kernel launch
overhead, synchronization, and host-side control logic, and
therefore reflects the runtime observed by an end user. Ob-
served run-to-run variability is minimal (Figure [2)).

Problem instances are grouped by size using the follow-
ing formula n := max{rows, columns}: small (n < 10%),
medium (n < 10%), and large (n > 10*); additionally, we
analyze highly degenerate instances, defined as problems
where at least 50% of the basic variables in the optimal ba-
sis are zero.

4.2. Robustness, Correctness and Degeneracy

To validate correctness and numerical stability, we com-
pared the final objective values produced by all GPU solver
variants against the HIGHS baseline on all presolved Netlib
LP instances. For every problem that converged consis-
tently over 20 runs within the time limit, the objective value
was deemed correct if it did not deviate by more than 10~6
from the HiIGHS baseline, as summarized in Table [T}

Solver Solved [%] Correct [%] Timeout [%] Crashed [%]
GPU-native  93.1 92.6 6.9 0
GPU-RS 93.1 96.3 4.6 2.3
GPU-RS+G 954 97.3 3.5 1.1

Table 1. Robustness and correctness statistics on the pre-
solved Netlib LP benchmark suite (87 instances [26]) with
a 240 s time limit. Correct [%] is reported relative to solved
instances and denotes agreement with the HIGHS baseline
within 1076.

Due to space constraints, figure[2]reports runtime results
only for a representative subset of Netlib LP instances, se-
lected to cover small, medium and large problems as well
as highly degenerate stress cases. All remaining instances



GPU-Accelerated Solver Variants vs HiGHS: Runtime Comparison
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Fig. 2. Runtime comparison of our GPU-accelerated simplex solvers against the HIGHS baseline on a representative subset
of Netlib LP problems. Instances are grouped by problem size and degeneracy. Each bar reports the median runtime over ten
measured runs following five warm-up runs, with whiskers indicating the minimum and maximum observed runtimes.

exhibited qualitatively similar trends. All non-timed-out in-
stances in the representative subset shown in Figure2satisfy
the correctness criterion defined above.

4.3. Performance Comparison Against HiGHS

We now focus on runtime performance and compare the
efficiency of the different GPU solver variants against the
HiGHS baseline. Bar heights in Figure [2] represent median
runtimes across repeated runs, while whiskers indicate the
minimum and maximum observed runtimes. This is primar-
ily due to the significant overhead of copying data between
the host and device during the initialization and transition
between Phase 1 and Phase 2, which dominates the runtime
for these computationally lightweight instances. As prob-
lem size increases, GPU-RS and GPU-RS+G consistently
outperform GPU-naive, demonstrating the benefit of data
residency, improved kernel fusion and reduced launch over-
head.

GPU-RS+G achieves the lowest runtimes on most
medium-sized instances, indicating that its optimized basis
updates and improved memory access patterns better exploit
GPU parallelism. Nevertheless, performance improvements
remain limited, reflecting the inherently sequential structure
of simplex iterations [11].

For large-scale and highly degenerate problems, perfor-
mance deteriorates across all GPU variants. Several instan-
ces timed-out at 240s. These cases are dominated by fre-
quent full basis re-inversions to correct numerical drift and
synchronization, which significantly reduce effective GPU
utilization.

5. CONCLUSION

This work demonstrates that while architectural optimiza-
tions can effectively mitigate the latency bottlenecks of the
revised simplex method, the fundamental challenge remains
the algorithm’s sequential nature. By leveraging custom
kernels for Sherman-Morrison updates and utilizing CUDA
Graphs to mask launch overhead, we developed a GPU solver
that eliminates the “overhead wall* and achieves numerical
stability comparable to the state-of-the-art HIGHS solver.
This proves that reliable LP solving on GPUs is feasible de-
spite floating-point non-associativity.

Outlook. However, our results on the Netlib suite high-
light that on small-to-medium sparse instances, the GPU
lacks sufficient data parallelism to outperform modern CPU
caches. Consequently, future performance gains will not
come from further kernel optimization, but from algorith-
mic shifts. To fully exploit the GPUs massive through-
put, solvers must trade raw compute power for a reduc-
tion in latency-bound iterations by adopting computation-
ally intensive pivot strategies, such as Steepest Edge pric-
ing [34]. Furthermore, a production-grade implementation
must eliminate the remaining PCle bottlenecks by moving
all scaling and phase-transition logic entirely to the device.

Ultimately, while current sparse benchmarks
favor CPUs, this foundation paves the way for efficient solv-
ing of massive, dense linear programs where GPU paral-
lelism can be fully realized.
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A. ROBUSTNESS

Stalling and Degeneracy. Stalling occurs when successive
pivots fail to make progress in the objective value due to de-
generate basic variables. This issue is amplified on GPUs
due to parallel execution and floating-point effects. We miti-
gate stalling by applying perturbations and conservative fea-
sibility and optimality tolerances, allowing progress despite
near-degenerate pivots.

Harris Ratio Test. Standard ratio tests are prone to cycling
on GPUs due to floating-point non-associativity and low-
precision noise. To mitigate this, we implement a Harris-
type ratio test. Harris’ ratio test considers a tolerance-based
set of leaving candidates and selects the one with the largest
pivot element, reducing the risk of numerically weak pivots;
particularly important for Sherman-Morrison updates.
Robust Pricing. Reduced cost computation (pricing) is an-
other source of numerical sensitivity. Small reduced costs
can cause cycling or false optimality; we therefore apply
conservative thresholds when selecting entering variables,
improving robustness at the cost of slightly slower conver-
gence.

LSE-Style Refactorization. While Sherman-Morrison up-
dates are efficient, accumulated error can degrade accuracy;
we therefore periodically recompute the basis inverse using
LU factorization in an LSE-style refactorization step.

B. EXPLORATION OF SPARSE LINEAR SOLVERS

While the problems we operate on usually only contain a
small number of nnz elements our algorithms do not reflect
this. Most dramatically the operations with Agl contain
m? elements to operate on. For this reason we explored op-
tions to solve those linear problems Agx = b with different
methods that do not require that much data.

For this we went through a few versions of iterative
solvers that tried to minimize the function

f@) = ||Apz — b]|3:

1. Simple Gradient Descent. For this we used a Gradient
Descent step with a fixed A to move towards the solu-
tion. This had 2 problems it used too many iterations
(1000+ for n = 10 matrices) to converge and sometimes
diverged.

2. Dynamic Gradient Descent. Since we deal with a very
simple function f in each step we can actually choose
the step size to find the minimum along that direction.
This means that we do not diverge anymore, but still we
took many iterations for small matrices.

3. Accelerated Gradient Descent. Looking into our conver-
gence we discovered that we often overshot and iterated
between similar directions. A typical fix for this is Ac-
celeration. Acceleration helped in many cases, but once

again showed signs of divergence in some cases.

4. Provable Accelerated Gradient Descent. For this we took
inspiration in the Advanced Graph Algorithms and Op-
timization lecture notes [32]]. Implementing this yielded
a stable solver, but once again it took to many iterations
for a small matrix.

5. Corrected Gradient Descent. The main issue behind long
convergence times is the irregularities of the random ma-
trices we use. If A = [ the convergence would be a
lot faster. To fix this we find a simple matrix M with
M ~ AL Ap which can easily be inverted and use M ~*
as a preconditioner. This improved the convergence but
still was to larger for small matrices. This exploration
got cut short, because any more complex M are simply
out of scope for this project.

After looking into the cuDSS[33]] library by Nvidia we
tried to use it, but we struggled with multiple features that
were advertised by the API but not implemented, like CSR
with start and end vectors and the ability to set the tolerance.
With those issues still unresolved, we decided to abandon
this project and invest our resources in other directions.

C. MULTI PIVOT

Looking through our solver we notice a potential optimiza-
tion opportunity, many of the kernels we implement need
some sort of synchronization, which is why we decided to
implement many of them on a single block. While this made
the design easy, it leaves a huge optimization window open.
There are 36 SMs on our machine, since a block can only
be executed on a single SM this means that more than 97%
of our machine is not utilized during those operations.

To better exploit those resources we decide to work to-
wards a higher throughput implementation, maybe instead
of doing a single pivot at a time, we can do many piv-
ots, which means that we can launch kernels in parallel.
We therefore decide to explore the possibility of search-
ing through many different pivot steps with different threads
and synchronizing between them from time to time.

Shared / Private Workspace — The memory footprint of
an iteration is significant. There are 2 big data structures
that need to be moved in and out of cache and we would
like to keep them in cache for as long as possible. This
would be the matrix A and the materialized A5'. To make
sure that we do not have a copy of each of those for every
possible implementation we clearly distinguish between the
shared structures and the private ones. We try to put as much
into the shared part as possible. This works with all big
structures trivially except for Agl. Since we want to have
By the basis of thread 0 and B; the basis of thread 1 to
diverge, this also means that Agcl) # A;ll.



To solve this we add a new data structure we call the
SparseUpdate into the mix. We upgrade the Sherman-
Morrison Basis Update with this data structure, it allows
us to remember up to k updates to be applied to an inverse
matrix before we have to apply it.

Thread Coordination — Since thread operations come with
overheads we decided to have our threads as long living
as possible. For this each thread gets spawned within the
core solver and only gets joined once the core ends again.
To keep the threads in sync, meaning that we want to join
them together again after k iterations we use barriers. After
the barrier we access the shared memory figure out which
thread made the most progress before continuing with the
now updated A]_Bl from all threads at the same time.

Problems — There are 2 problems that we faced with this
implementation, that together made the further exploration
non interesting.

1. For medium and large size (size of LP problems as in
[.1) LP problems the true cost came from the matrix
multiplications, they take most of the time and actually
use most of the GPU resources, this means that doing
many problems in parallel just slows us down by a factor
of ¢ the number of threads.

2. For Small LP problems the overhead of synchronization
between the threads was higher than the time it took to
do the iterations in sequence. With this we also lose any
gains we hoped to achieve.
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